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NON-SINGULAR, VACUUM, STATIONARY SPACE-TIMES 
WITH A NEGATIVE COSMOLOGICAL CONSTANT 

PIOTR T. CHRUSCIEL AND ERWANN DELAY 


Abstract. We construct infinite dimensional families of non-singular 
stationary space times, solutions of the vacuum Einstein equations with 
a negative cosmological constant. 
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1. Introduction 

A class of space-times of interest is that of vacuum metrics with a negative 
cosmological constant admitting a smooth conformal completion at infinity. 
It is natural to seek for stationary solutions with this property. In this 
paper we show that a large class of such solutions can be constructed by 
prescribing the conformal class of a stationary Lorentzian metric on the 
conformal boundary 5^, provided that the boundary data are sufficiently 
close to, e.g., those of anti-de Sitter space-time. 
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We mention the recent papers [3,4], where we have constructed infinite 
dimensional families of static, singularity free solutions of the vacuum Ein¬ 
stein equations with a negative cosmological constant. The main point of 
the current work is to remove the staticity restriction. This leads to new, 
infinite dimensional families of non-singular, stationary solutions of those 
equations. 

We thus seek to construct Lorentzian metrics in any space-dimension 
n > 2, with Killing vector X = d/dt. In adapted coordinates those metrics 
can be written as 


( 1 . 1 ) 

( 1 . 2 ) 


n+l„ — 


g = —V^{dt + + gijdx^dx^ , 

=9 ' Tg ' 

dtV = dtO = dtg = 0 . 


Our main result reads as follows (see below for the definition of non¬ 
degeneracy; the function p in (1.3) is a coordinate near dM that vanishes 
at dM): 


Theorem 1.1. Let n = dimM > 2, A: G N \ {0}, a G (0, 1), and consider a 
static Lorentzian Einstein metric of the form (1.1)-(1.2) with strictly positive 
V = V, g = g, and 6 = 0, such that the associated Riemannian metric 
g = V'^dip'^ + g on X M is compactifiable and non-degenerate, with 
smooth conformal infinity. For every smooth 6, sufficiently close to zero in 
there exists a unique, modulo diffeomorphisms which are 
the identity at the boundary, nearby stationary vacuum metric of the form 
(1.1)-(1.2) such that, in local coordinates near the conformal boundary dM, 

(1.3) V-V = 0{p), d^ = d^ + 0{p), gij - gij = 0{1) . 

Theorem 1.1 is more or less a rewording of Theorem 5.3 below, taking 
into account the discussion of uniqueness in Section 6. 

The {n -L l)-dimensional anti-de Sitter metric is non-degenerate in the 
sense above, so Theorem 1.1 provides in particular an infinite dimensional 
family of solutions near that metric. 

The requirement of strict positivity of V excludes black hole solutions, it 
would be of interest to remove this condition. 

The decay rates in (1.3) have to be compared with the leading order 
behavior p~^ both for and gij. A precise version of (1.3) in terms of 
weighted function spaces (as defined below) reads 

(1.4) {V -V)e Cf+^’“(Si X M) , {g-g)€ C2+^’“(Si x M, ^s) , 

(1.5) 6-6€ C2+^’“(Si X M, Ti) , 

and the norms of the differences above are small in those spaces. 

Note that our hypothesis that the metric g is conformally C'^ implies that 
g is C'"“^’“nC'^’“-conformally compactifiable and poly homogeneous [7]. We 
show in Section 7 that our solutions have complete polyhomogeneous expan¬ 
sions near the conformal boundary, see Theorem 7.1 for a precise statement. 
Since the Fefferman-Graham expansions are valid regardless of the signa¬ 
ture of the boundary metric, the solutions are smooth in even space-time 
dimensions. In odd space-time dimensions the obstruction to smoothness 
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is the non-vanishing of the Fefferman-Graham obstruction tensor [10,11] of 
the (Lorentzian) metric obtained by restricting —{dt -|- 0)^ -|- V~^g to the 
conformal boundary at infinity. 

Theorem 1.1 is proved by an implicit-function argument. This requires 
the proof of isomorphism properties of an associated linearised operator. 
This operator turns out to be rather complicated, its mapping properties 
being far from evident. We overcome this by reinterpreting this operator 
as the Lichnerowicz operator -|- 2n in one-dimension higher. Our non¬ 
degeneracy condition above is then precisely the condition that -|- 2n has 
no L^-kernel. While this is certainly a restrictive condition, large classes of 
Einstein metrics satisfying this condition are known [1,2,4,13]. 

2. Definitions, notations and conventions 

Let A be a smooth, compact (n-|- l)-dimensional manifold with boundary 
dN. Set N ;= N\dN, N is thus a non-compact manifold without boundary. 
In our context the boundary dN will play the role of a boundary at infinity 
of N. Let ghea. Riemannian metric on A, we say that {N,g) is conformally 
compact if there exists on A a smooth defining function p for dN (that 
is p G C°°{N), p > 0 on A, p = 0 on dN and dp nowhere vanishing on 
dN) such that p := p^g is a (7^’“(A) n C^{N) Riemannian metric on A, 
we will denote by g the metric induced on dN. Our definitions of function 
spaces follow [13]. Now if \dp\-g = 1 on dN, it is well known (see [14] for 
instance) that g has asymptotically sectional curvature — 1 near its boundary 
at infinity, in that case we say that (A, p) is asymptotically hyperbolic. If 
we assume moreover than {N,g) is Einstein, then asymptotic hyperbolicity 
enforces the normalisation 

(2.1) Ric(p) = -np , 

where Ric(p) is the Ricci curvature of p. 

We recall that the Lichnerowicz Laplacian acting on a symmetric two- 
tensor field is defined as [6, § 1.143] 

Ai/ijj = — -|- Rikh^j + Rjkh^j — 2Rif^jih^^ . 

The operator Nl -\-2n arises naturally when linearising (2.1). We will say 
that p is non-degenerate if A^ -|- 2n has no L^-kernel. 

While we seek to construct metrics of the form (1.1), for the purpose of 
the proofs we will often work with manifolds A of the form 

A = X M, 

equipped with a warped product, asymptotically hyperbolic metric 

V ^ dif ^ + P, 

where R is a positive function on M and p is a Riemannian metric on M. 
By an abuse of terminology, such metrics will be said static. 

The basic example of a non-degenerate, asymptotically hyperbolic, static 
Einstein space is the Riemannian counterpart of the AdS space-time. In 
that case M is the unit ball of M”, with the hyperbolic metric 

90 = P~‘^S , 
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S is the Euclidean metric, p(x) = ^(1 — |x||), and 

Vo = p-^-l. 

We denote by Tp the set of rank p covariant and rank q contravariant 
tensors. When p = 2 and g = 0, we denote by S 2 the subset of symmetric 
tensors. We use the summation convention, indices are lowered and raised 
with pij and its inverse . 

3. Isomorphism theorems 

Some of the isomorphism theorems we will use are consequences of Lee’s 
theorems [13], it is therefore convenient to follow his notation for the 
weighted Holder spaces As described in the second paragraph be¬ 

fore proposition B of [13], a tensor in this space corresponds to p^ times a 
tensor in the usual (7^’“ space as defined using the norm of the conformally 
compact metric. This implies that, in local coordinates near the conformal 
boundary, a function in (7^’“ is 0{p^), a one-form in (7^’“ has components 
which are 0{p^~^), and a covariant two-tensor in (7^’“ has components which 
are 0{p^~‘^). 

We will use the isomorphism theorems of [13] in weighted (7^’“ spaces, 
for /c G N. Under the regularity conditions on the metric in our definition of 
asymptotically hyperbolic metric, those theorems apparenly only apply to 
low values of k. However, under our hypotheses, one can use those theorems 
for k = 2, and use scaling estimates to obtain the conclusion for any value 
of k. 

3.1. An isomorphism on two-tensors. We first recall a result of Lee 
(see Theorem C(c) and proposition D of [13], there is no L^-kernel here by 
hypothesis); 

Theorem 3.1. Let x M be equipped with a non-degenerate asymptotically 
hyperbolic metric!]. Fork G N, a G (0,1) and 5 G (0, n) the operator A L+2n 
is an isomorphism from x M, ^ 2 ) to (7^’“(S^ x M, ^ 2 ). 

When the metric is static of the form g = V'^dp^ g we deduce 
Corollary 3.2. On {M,g) we consider the operator 

(W,h)e^{l{W,h),L{W,h)) , 

where 

l{W,h) = V[{V*V + 2n + V-^V*VV + V-^\dV\^)W + V-^VjVV^W 
-V-^VWV^Vhkj + (Hessg V, h}gl . 
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and 

Lij{W,h) = ^ALhij+nhij-^V-^V’^VVkhij 

+lv-\ViVV’^Vhkj + VjVV^Vhki) 

-lv-\V,V’^Vhkj + VjV^Vhki) 

+2y-2^(HesSg V)ij - 2V-^ViVVjVW. 

Then {l,L) is an isomorphism from x ^ 2 ) to 

X C^’^{M,S 2 ) when 5 G (0,n). 

Proof. First, it is easy to see that the Laplacian commutes with the Lie 
derivative operator in the Killing direction, so the operator + 2n re¬ 
stricted to (/9-independent tensor field is again an isomorphism. Now, from 
Lemma A.2 below, if we define V to be the set of symmetric covariant two 
tensors of the form ^ 

h = 2VWdip^ + hijdx^dx^ , 

and if we let T denote the collection of tensors of the form 

h = 2f^idx^d(p, 

then the Lichnerowicz Laplacian preserves the decomposition "P © T. In 
particular the operator + n restricted to V is an isomorphism, and this 
operator is (Z, L). □ 

3.2. Two isomorphisms on one-forms. The proof of Corollary 3.2 also 
shows the following (note a shift in the rates of decay, as compared to the 
previous section, due to the fact that a tensor field f,idx^dip is in if and 
only if the one-form f,idx^ is in C^f): 

Corollary 3.3. The operator on one-forms defined as 

+ 2nii , 

is an isomorphism from to Cgf[{M,Ti) when 5 G (0,n). If 

we let ^ = V‘^6, we therefore obtain that the operator Q on one-forms defined 
as V-^C{V‘^9i) 

Q-.Oi ^ -V'^VkOi - W-^V^VVkOi - 2K-^V^VfcK0j + W-’^ViVV^VOk 
+R\ei - w-^ViVjVe^ + 2nei , 

is an isomorphism from {M,Ti) to (7^^“ (M, Ti) when 5 G (0,n). 

We will appeal to yet another result of Lee (see [13] Theorem C(c), Propo¬ 
sition F and Corollary 7.4, there is again no L^-kernel here because of the 
Ricci curvature condition); 
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Theorem 3.4. On xM equipped with an asymptotically hyperbolic metric 
g with negative Ricci curvature, the operator V*V — Ric acting on one- 
forms is an isomorphism from x M,Ti) to x M,Ti) when 

When the metric is static of the form fj = V‘^d(p^ + S' we deduce: 

Corollary 3.5. Under the hypotheses of the preceding theorem, on {M,g) 
consider the operator 

Uti B{Ut)i + RijQ^ - V-’^ViV^VQj =: B{n)i , 

where 

B{n)i := + y-^V’^VVk^i - V-'^ViVV^VUtk ■ 

ThenB is an isomorphism from C^~^^'^{M,Ti) to when |5—§| < 



Proof. The argument is identical to the proof of Corollary 3.2 using 
Lemma A.3 and the fact that, in the notation of Lemma A.3, 

RiSU = RijQ^ - . 


□ 


3.3. An isomorphism on functions in dimension n. If we assume that 

V'^dip^ + S' is a static asymptotically hyperbolic metric on x M, then 
it is easy to check that at infinity V~'^\dV\^ = 1 and = n. 

In dimension n, we will need an isomorphism property for the following 
operator acting on functions: 

cj^Ta-.= V-^V\V^Via) = VWifj + 3R"^VVViU . 

From [5, Theorem 7.2.1 (ii) and Remark (i), p. 77] we obtain: 

Theorem 3.6. Let {V,g) be close in x {M,S 2 ) to an 

asymptotically hyperbolic static metric. Then T is an isomorphism from 
^fc+ 2 ,a(^) 0 < (5 < n + 2. 

Remark 3.7. Theorem 3.6 will be used with a = O(p^), note that 5 = 2 
verifies the inequality above since n > 2. 

3.4. An isomorphism on functions in dimension 3. In dimension n = 
3, we will also be interested in the following operator acting on functions: 

(jje^ Zio:= V^V\V-^ViUj) = V^Viio - 3R“^VVViW . 

The indicial exponents for this equation are /U_ = — 1 and /U+ = 0 (see [5, 
Remark (i), p. 77]). As 0 we cannot invoke [5, Theorem 7.2.1] to 

conclude. Instead we appeal to the results of Lee [13]. For this we need to 

3 

have a formally self-adjoint operator, so we set to = V 2 f, thus 

(3.1) Ziu = vl VWJ- =:Vlzf. 
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At infinity V = 1 and V ^V^iV = 3, leading to the following 

indicial exponents 

A- 1 3 
2 ’ 2 ■ 

We want to show that Z satishes condition (1.4) of [13], 

(3.2) 11^11^2 < C\\Zu\\l2 , 

for smooth u compactly supported in a sufficiently small open set U <Z M 
such that ^ is a neighborhood of dM. We will need the following, well 
known result; we give the proof for completeness: 


Lemma 3.8. On an asympotically hyperbolic manifold {M,g) with boundary 
definining function p we have, for all compactly supported functions, 

2 . 


uV*'Vu > 


n — 1 


(l + 0(p))W 


Proof. Let / be a smooth function to be chosen later, then 

j \f~^d{fu)\^ = J \du\‘^ + f~‘^\dffu‘^ + 2f~^u{df,du) >0 

An integration by parts shows that 


I' 


2f-\{df,du) = I + 


2 f-2| 


,2 ^ —lv7*^ 


This leads to 


j uV*Vu = J \du\^> y’(-/-iV*V/-2/-2|d/|V • 

When / = p ^ the last term equals (n — l)^||u(l + 0(p))||^2/4, which 
concludes the proof. □ 

Lemma 3.8 combined with the fact that V~‘^\dV\^ = 1 + 0{p) and that 
V~^V*VV = —3 + 0{p) shows that 


\u\\l^\\Zu\\l 2 > - I uZu > ^ 


(3-1)2 ^ ;L5 9 

4 ^ T ~ 2 

which shows that Z satishes the condition (3.2) with 

(3-1)2 15 9 1/2 

4 4 2/ 


) ji'i- + Oip))u^ 


C = 


We recall that the critical weight to be in is 0{p^) so the function / = 
l/“^/2 = 0(p3/2), corresponding to w = 1, is in the L2-kernel of Z. We 
prove now that this kernel equals 


ker Z = V ^ \ 


Assume / is in the L2-kernel of Z, by elliptic regularity / is smooth on M. 
Let ipk € W^’°° be any function on M such that = 1 on the geodesic ball 
Bp{k) of radius k centred at p, with = 0 on M\i3p(A:+l), and \Vpk\ Z C 
independently of k. Such functions can be constructed by composing the 
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geodesic distance from p with a test function on M. Integrating by parts one 
has 

0 = - y V\lfZf = -J plfv\v-^v,f) 

= j plV-^\Vf\^+ 2V-^fipky'pky^f 

Using Holder’s inequality, the second integral can be estimated from below 

-2 (y ' (y ' , 

leading to 

y y fv-^\vipk\^. 

By Lebesgue’s dominated convergence theorem, the right-hand side con¬ 
verges to zero as k tends to infinity because f ^ L^, while V~^ is uniformly 
bounded, and Vpk is supported in Bp{k -|- 1) \ Bp{k). So / is a constant. 
Using [13], Theorem C(c), we thus obtain 

Theorem 3.9. Let (y,g) be close in x Cq~^‘^’‘^{M,S 2 ) to an 

asymptotically hyperbolic static metric. Then Z is an isomorphism from 
^fc+2,a(^)/^_3/2^ to 

{/gC 5"’“(M) :y^U-3/2/ = o} . 

when 1/2 < d < |. Equivalently, Z is an isomorphism from 
to 

(3.3) [f j^V-^f = t )] . 

when —1 < d < 0. 


4. The equations 


Rescaling the metric to achieve a convenient normalisation of the cos¬ 
mological constant, the vacuum Einstein equations for a metric satisfying 
(1.1)-(1.2) read (see, e.g., [9]) 


where 


V{V*VV + nV) = \\\\l, 

Ric((/) + ng — V~^ Hess^ V = 2 ^^ ° ^ 
div(UA) = 0 , 


Kj = -V‘^{di0j - djdi) , (A o \)ij = Xi^Xk 


(4.1) 


In dimension n = 3 an alternative set of equations can be obtained by 
introducing the twist potential oj. Writing duj = Wjdx* one sets 

1 


UJ, 




^jk — 


V 


^jki^ 
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This leads to (compare [12]) 

r y(v*vy+ 3y) = , 

< Ric( 5 ') + 3g — V~^ Hessg V = ^^{duj ® duj — \duj\^g) , (4.2) 

[ V*(R-3Vw) = 0 . 

4.1. The linearised equation. We first consider the operator from the set 
of functions times symmetric two tensor fields to itself, defined as 

( V \ ( V{V*VV + nV) \ 

\ g J ^ \ Ric(5f) +ng- Hess^ V ) 

The two components of its linearisation at (R, g) are 

piW, h)=V [(V*V + 2n + R-i V*VR)1R + (Hess^ R, h)g - (div grav h, dV)g] , 

Pij{W,h) = + nhij + {V ihkj + Vjhkj - VkKj) - (div* div grav/i)ij 

+R"2lR(HesSg V)ij - R“^(HesSg IR)^ . 

We let Tr denote the trace and we set 

grav/r = h- ^ Tr^ hg, (div/i)* = -V^hik, (div* w)ij = ^{ViWj+ VjWi) , 

(note the geometers’ convention to include a minus in the definition of di¬ 
vergence). It turns out to be convenient to introduce the one-form 

Wj = V-^V^Vhkj + V^hkj - ^Vj(Tr/i) - R-^V^IR - V-^VjVW , 

which allows us to rewrite P{W, h) as 

P{W, h) = L{W, h) + div* w , 

where L is as in Corollary 3.2. Similarly, p(lR, h) can be rewritten as 
piW,h) = l{W,h) + V{w,dV)g . 


4.2. The modified equation. We want to use the implicit function the¬ 
orem to construct our solutions. As is well known, the linearisation of the 
Ricci tensor does not lead to well behaved equations, and one adds “gauge 
fixing terms” to take care of this problem. Our choice of those terms arises 
from harmonic coordinates for the vacuum Einstein equations in one dimen¬ 
sion higher. 

In dimension 3, we start by solving the following system of equations 

' q{V,g) := R(V*VR + 3R + (0, dR)) - = 0 , 

aT •= Ric( 5 ) + 35 - R-^ Hessg R + div* fl 

^ ' --^{dwduj — \duj\^g) = 0 , 

V*(R-3Va;) = 0 , 

with 


- 0 ,- = -n{V,g,U,b)j 

= gjk/^irlm - fL) + v-^ggk{uvw - rv^r) 

= 5^™(V™5,t - + V-^ggk{UVW - RVW) 


(4.4) 
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where V-derivatives are relative to a fixed metric b with ChristofFel symbols 
U is a fixed positive function, latin indices run from 0 to n, and g := 
V'^{dx^)^+g with Christoffel symbols while the T^^’s are the Christoffel 
symbols of the metric + b, compare (A.l) below. The co-vector 

field has been chosen to contain terms which cancel the “non-elliptic 
terms” in the Ricci tensor, together with some further terms which will 
ensure bijectivity of the operators involved. The second line of the equation 
above makes clear the relation of to the n + 1-dimensional metric g and 
its ([/, 6)-equivalent. 

In dimension n, as a first step we will solve the system 

r q{V,g) ■.= V{V*VV + nV+{n,dV))-l\X\l = 0, 

< Q{V, g) := Ric( 5 ') + ng — Hessg V + div* — 2 ^^ o A = 0 , (4.5) 
[ div(RA) = -V^da , 

where XI is as in dimension 3, while the “Lorenz-gauge fixing function” a 
equals 

a = v-^v\v^ei). 

A calculation shows 


div(RA) + V^da = V^[-Q + 2(R-^V*VR + n)](0) , 


where Q is as in Corollary 3.3, which makes clear the elliptic character of 
the third equation in (4.5). 

The derivative of XI with respect to (R, g) at (C, b) is 

D^y^g)Xl{UMW,h) = -w, 

where w is the one-form defined in Section 4.1 with (R, 5 ) replaced with 
(17,6). Thus, the linearisation of {q.,Q) at (17,6) is 

D{q,Q)iU,b) = il,L) , 

where {l,L) is the operator defined in Section 4.1 with (R, 5 ) replaced with 
{U,b). We will show that, under reasonable conditions, solutions of (4.3) 
(resp. (4.5)) are solutions of (4.2) (resp. (4.1)). If {uj,V,g) solves (4.3) (resp. 
if {6,V,g) solves (4.5)), we set 


a := 


$ := div* n , 

in the context of (4.3), 
^^|A|^ in the context of (4.5), 


^_ 1 i^{d(jjdu! — \du!\‘^g) in the context of (4.3), 


2V- 


■Ao A 


in the context of (4.5). 


With this notation, the first two equations in both (4.3) and (4.5) take the 
form 


r V*VR + nR + (57, dR) = Ra , 

( Ric( 5 ) + ng — V~^ Hess^ R -|- <I> = A . 

If we take the trace of the second equation in (4.6) we obtain 
0 = R{g) + V-^V*VV + Tt^ -Tr A 

= R{g) +n‘^ -n-V-^{X}{V,g),dV) + Tt<^ + a-TrA . 
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Then 

E{g) ■■= graVgRic(5() 

= -ng + V-^RessV - ^i-n{n-l) + V-\n{V,g),dV) -TT^)g 

+ gravg ^ + 2 ^ ■ 

As usual, we will use the vanishing of the divergence of E to obtain an 
equation for 17. For a solution to the modihed equation, the divergence of 
E{g) equals 

div E{g)j = V-^V^VViVjV - V*Vj Tr $ 

+ (^dw{graVgA + ^g)^^ 

= V-^V^V{R^j + ngij + - A^j) - 

-V-^Vj{nV + {n{V,g),dV) + Va) + Tr $ 

+^Vj(F“^(17(l/,5(),dl/)) + (^div(grav^ A + 

= - ^V,Tr$ - ^V-Wj{n{V,g),dV) 

-\v-^VjV{n{V,g),dV) + V-^Vj{Va) - V-^V^VAij + (^dw{gTaYgA + ^g)) 

' -V-^ 

=Aj 

= - ^V,Tr$ - ]^V-^V,{V{^{V,g),dV))+l3j 

= ^[v^Vfc% + R-^vVVi% - v-^VjVv^vni + Rijn^ - v-^VjV^vni] + pj 
= ^[B{n)j + Rijn^ - v-^VjV^vni] + pj 

= 

We now claim that jdj vanishes when a does. For (4.3) this is a straightfor¬ 
ward computation. For (4.5) we have 

-Pj = ^^A/v,a-iy-3v,w|A|2 + iy-2v,|A|2 

+iF-2A*fcV.Afc,- + V-^V^VXi^Xgk . 

From the definition of Xij one has 

^[iiV-^hj]) = 0 . 

This gives 

X^\2V^Xkj + V,A,fc - 6V-\V[^)Xkj]) = 0 , 
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which can also be rewritten as 

= -|V,|A|2 + + V-^VjV\Xf , 

and our claim follows. 

We will see during the construction to follow that solutions of the third 
equation in (4.5) which decay sufficiently fast satisfy a = 0. The Bianchi 
identity div E{g) = 0 shows then that is in the kernel of B. It follows from 
Corollary 3.5 that the only solution of this equation which decays sufficiently 
fast is zero. 


5. The construction 

5.1. The n-dimensional case. We consider V'^dcp'^ + g, an asymptoti¬ 
cally hyperbolic Einstein static metric on x M. We prescribe 9 € 
and we seek a solution 

e = e{e,v,g)^c\^^'^{M,T^) 

of the problem 

div(EA) + V^da = V^[-Q + 2{V-^V*VV + n)]e = 0 , 

Aij = -V^idiOj - djOi) and a = V-^V^V^Oi) . 

Such solutions can be obtained by solving the following equation for 0 — 0: 
[-Q + 2{V-^V*VV + n)]{9 -9) = -[-Q +2{V-^V*VV + n)]9 . 

When V = V in (5.1), then the term V~^'V*W + n vanishes and the 
operator is an isomorphism by Corollary 3.3 with (5 = 1. Thus, the op¬ 
erator appearing there is an isomorphism for all nearby E’s. In fact, 
for any Riemannian metric g on M, close to g in C'g'*~^’“(M, ^ 2 ), with 
g — g G C'f’'"^’“(M, 1 S 2 ), and for any function V on M, close to V in 
with V — Vq G C'g’''^’“(M) a unique solution exists. Moreover 
the map ( 0 , E, 5 ^) 1 -^ 0 — 0 is smooth. 

Let us denote by 0 the solution of (5.1) with {V,g) = {V,g). 

Remark 5.1. 0 is polyhomogenous when V and g are by the results in [5]. 
Applying the second line of (5.1) twice we obtain 

0-0 = 0- 0 + 0- 0G C2+2’“(m, Ti) . 

Furthermore, one has directly that a — a G & is in fact also in 

by expanding near the boundary. 

Suppose that 0 solves div(RA) -|- V^da = 0, then clearly 
div[div(RA) -|- V^da] = 0. 


(5.1) I 

recall that 

(5.2) 
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Since the double divergence of any anti-symmetric tensor vanishes identically 
it holds that divdiv(yA) = 0, so that under (5.1) a is in and 

verifies 

V\V^Via) = 0 . 

It follows from Theorem 3.6 that <7 = 0 when n >2. 

Let us define a map F, from one-forms on d^oM times functions on M 
times symmetric two-tensor fields on M to functions on M times symmetric 
two-tensor fields, which to {6, V, g) associates 

/ I/(V*VF + nV + (L!(y, g, V, g), dV)) - i|A|2 

\ Ric( 5 ') + ng — V~^ Hess^ V + div* Q{V, g, V, g) -|- 2 ^^ ° ^ 

Proposition 5.2. Let V‘^dip^ +g be an asymptotically hyperbolic static Ein¬ 
stein metric on x M, A: € N, a G (0,1). The map T defined as 

X X C2+^’“(M,52) —> Cq''^{M) x C2’“(M,52) 

{e,W,h) ^ F{e,V + W,g + h) 

is smooth in a neighborhood of zero. 

Proof. The function V G is strictly positive, so the same is true 

for P -|- VP if VP is sufficiently small in C Similarly, 

the symmetric two-tensor held g + h £ C'q'''^’“(M, 1 S 2 ) is positive dehnite 
when h is small in C' 2 ''~^’°^(M, ^ 2 ) C C'g''~^’“(M, ^ 2 ). The map {9,V,g) ^ 9 
is smooth. Now, for 9 G by (5.2) and by Remark 5.1 we have 

Xij = 0{p~^) , 

which further implies 

^AoAgC'2"’“(M,52). 

The fact that the remaining terms in F{9,V + v,g + h) are in the space 
claimed, and that the map is smooth is standard (see [13] for instance). □ 

We can conclude now as follows: 

Theorem 5.3. Let n > 2, and let V'^dipf + g be a poly homogenous non¬ 
degenerate asymptotically hyperbolic static Einstein metric on x M, k G 
N\{0}, a G (0,1). Eor all 9 close to zero in C'^+^’"(cIM,71), there exists a 
unique solution 

{9,V,g) = {9 + ^,V + W,g + h) 
to (4.1) with 9 — 9 £ C 2 ~^‘^’°‘{M) and 

(i?,VP,h) G C3+^’“(M) X ^^^^’“(M) X C2+^’“(M,52) , 
close to zero, satisfying the gauge conditions II = a = 0. Moreover, the 
maps 9 9 — 9 and 9 1 -^ (i?, VP, h) are smooth maps of Banach spaces near 



zero. 
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Proof. As already pointed out, the one-form 6 = 6{6,V,g) exists and is 
unique when W and h are small. From Proposition 5.2 we know that the 
map T is smooth. The linearisation of T at zero is 

0) 0) = D(y^g)F{{),V,g) = {l,L) . 

From Corollary 3.2, with 5 = 2, we obtain that 0,0) is an iso¬ 

morphism. The implicit function theorem shows that the conclusion of The¬ 
orem 5.3 remains valid for the modified equation (4.5). Returning to Sec¬ 
tion 4.2, we see that hi = g,V, g) G Ti) and that B{Q) = 0, 

so from Corollary 3.5, we have 14 = 0, obtaining thus a solution to (4.1). □ 

5.2. The three-dimensional case. In three dimensions an alternative 
construction can be given, as follows. We consider again an asymptotically 
hyperbolic Einstein static metric V^dip^ -|- 5 on x M. We use Theorem 
3.9, with g — a Riemannian metric on M close to g in C'q'*'^’“(M, ^ 2 ), and 

V — a function on M close to V in (^^^^’“(M). For our purposes there is 

no preferred value of parameter 5 there. It is convenient to set (5 = s — 1, 
and arbitrarily choose some s G (0,1). For any a) G satisfying 

(5.3) / 0 = 0, 

JdM 

there exists a unique, modulo constant, solution 

uj = u{Q,V,g) G C'!|^’“(M) 
to 

r v*(r-3vw) = 0 , 

1 (u-0p-iGC',"+2’“(M). 

(This can be seen by writing ZSto = —Z{C)p~^), and checking that the 
source term in the equation for 5uj satisfies the integrability condition (3.3) 
when (5.3) holds.) Moreover, the map (u),V,g) 1 —> w — u}p~^ is smooth in 
the topology. 

We define a new map F, defined on the set of functions on dooM times 
functions on M times symmetric two-tensor fields, mapping to functions on 
M times symmetric two-tensor fields, which to {u),V,g) associates 

/ V{V*VV + 3V+{n{V,g,V,g),dV)) - ^\dio\^ 

V Ric{g)+3g-V-^ViVjV+ div*n{V,g,V,g) - ^{dcodcv - \du}\‘^g) 

Proposition 5.4. Let V‘^d(p‘^ +g be an asymptotically hyperbolie static Ein¬ 
stein metric on x M, A: G N, a G (0,1). The map T defined as 

C^+2’“(dM) X Cf+^’“(M) X C'2+^’“(M,52) —> x 

(tD,IF,h) I—> F{uj,V + W,°g + h) 

is smooth in a neighborhood of zero. 

Proof. The proof is essentialy the same as that of Proposition 5.2. We simply 
note that for all s G (0,1) we have, by direct estimations, 

V-^{diodio - \dujfg) G C'2’“(M,52) . 



□ 
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We are ready to formulate now: 

Theorem 5.5. LetdimM = 3 and letV^dip^+g he a non-degenerate asymp- 
totieally hyperbolie statie Einstein metric on x M, A: G N, a G (0,1), 
s G (0,1). For all Q close to zero in and satisfying (5.3) there 

exists a unique solution 

(w, V, g) = + w,V + W,g + h) 

to (4.2) with 

iw,W,h) G X Cf+^’“(M) X C2+^’“(M,52) , 

close to zero, satisfying the gauge condition 17 = 0. Moreover, the map 
Q 1 -^ {w, W, h) is a smooth map of Banach spaces near zero. 

Proof. The proof is identical to that of Theorem 5.3, making use of Propo¬ 
sition 5.4. □ 


6. Uniqueness 

So far we have shown that solutions are unique in the gauge 17 = 0, 
together with the condition cj = 0 in the context of (4.1). We claim that 
any metrics satisfying the hypotheses of Theorem 1.1 can be brought to this 
gauge. 

First, consider a; note that the one-form 9 of (1.1) is defined modulo the 
differential of a function / defined on M ; indeed, the replacement t ^ t + f 
leads io 9 ^ 6 + df. We can then use Theorem 3.6 to find a unique / such 
that the function a associated with 9 + df vanishes. 

The vanishing of 17 requires a smallness hypothesis, as well as some work. 
Suppose that we are given a couple iy,g) near to {V,g). The second line 
of (4.4) shows that, in the notation of [7], the condition 17 = 0 is exactly 
the condition Id = 0, where g' = V'^dp'^ g. The proof that 17 can be 
made to vanish is established by inspection of the arguments of Section 4 
of [7]. We simply note that the implicit function theorem, as invoked there, 
can be applied globally on M (rather than in a collar neighborhood of the 
boundary, as in [7]) if we assume that {VfV,V~‘^g) is close to {l,V~‘^g) 
in C‘^{M). Indeed, the linearised operator, denoted by L in [7], is again 
an isomorphism by the results of [13], as follows from the fact that g is 
Einstein, with negative scalar curvature. (Actually, the Einstein equations 
are irrelevant for the question of 17 = 0 gauge, as long as the Ricci tensor of 
g is negative definite.) 

Uniqueness of solutions up-to-diffeomorphism (which is the identity on 
the boundary) is a direct consequence of the above. 

7. Polyhomogeneity 

Let Uq C M"" be an open set, and let U = Uq x (0,e) with coordinates 
{x,y). Eor any (5 G M, we denote by the space of functions / G C°°{U) 
that satisfy, on any subset K x (0, eo) with K C Uq compact and 0 < eo < e, 
estimates of the following form for all integers r > 0 and all multi-indices a: 

\{ydyYd^f{x,y)\ < Cr,ay^. 
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(We use the multi-index notations a = (ai,..., Q!„) and 5" = 

A smooth function f-.U—i-Wis said to be poly homogeneous (cf. [5,15]) if 
there exists a sequence of real numbers Si +oo, a sequence of nonnegative 
integers {?*}, and functions G C°°{Uq) such that 

oo qi 

(7.1) {log vY fij{x) 

i=l j=o 

in the sense that for any 5 > 0, there exists a positive integer N such that 

N qi 

/P.ri-EE y^Y^ogyY fij{x) G . 

i=l j=o 

A function or tensor field on M is said to be poly homogeneous if its coor¬ 
dinate representation in local coordinates near the conformal boundary is 
polyhomogeneous. (We refer the reader to [8] for a discussion of equivalence 
of alternative definitions of polyhomogeneity.) 

In this section, we apply the theory of [5] to conclude that solutions to 
(4.5) are polyhomogeneous. The key step in the proof is a regularity result 
for the linearised operator {l,L,C). Following [5], we say that an interval 
{S-,S+) C M is a weak regularity interval for a second-order linear operator 
P on the spaces C^'^{Mr;S 2 ) if whenever is a locally section of S 2 
such that u G C^'^{Mr;S 2 ) and Pu G S 2 ) with A G (0,1) and 

5- < 5o < S < (5+, it follows that u G {Mr] 32 )- We use the notation 
of [7]. 

Theorem 7.1. Solutions given by Theorems 5.3 and 5.5 are polyhomoge¬ 
neous. Similarly, solutions of (4.1) and (4.2) with smooth boundary data 
such that 6 and p^{V‘^dip^ + g) are in C‘^{M) are polyhomogeneous. 

Proof. We start by noting that metrics such that 6 and {V"^dgY + g) are in 
C‘^{M) can be brought, near the boundary, to a gauge in which the equations 
are elliptic by setting a to zero as in Section 6, and then applying the results 
of Section 4 of [7] to the metric V'^dgY + g. On the other hand, solutions 
given by Theorems 5.3 and 5.5 are directly in the closely related gauge 
14 = 0; those two gauges do not coincide, but the proof works in both gauges. 
Alternatively one could use the analysis in Section 4 of [7] to transform a 
C^-compactifiable V‘^dgY -|- (/ to the gauge 14 = 0. A polyhomogeneous 
approximate solution V~‘^{dt + 6^ + 9 can then be constructed using a 
Fefferman-Graham expansion up-to-not-including the critical exponent. 

For any f f), function, two-tensor, one-form on M, define 

F[cP] := {pV-^q, p^Q, Q){V + p"' >, g + § + V) 

with {q,Q, Q) as in (4.5), while for the solutions arising from Theorems 5.3 
and 5.5 the one-form 9 can be taken as the solution of the third equation 
in (4.5) with V = V and g = g. {F should not be confused with the map 
F of the previous section.) Then f satisfies F[(l)\ = 0. One can apply [5, 
Theorem 5.1.1] to F, and thereby conclude that f is polyhomogeneous. The 
argument proceeds as in [7, Section 5] and will not be repeated here. We 
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simply mention that the property, that the interval (0, n) is a weak regularity 
interval for the operator F'lfo] on the spaces is an immediate 

consequence of Corollaries 3.2 and 3.3. □ 

Appendix A. “Dimensional reduction” of some operators 

A.l. Lichnerowicz Laplacian on two-tensor for a warped prodnct 
metric. We shall use the following coordinate systems on x M: 

(x“) = (cp, x^) = (x°, x^) = (x°,..., x'^). 

Lemma A.l. Let {M,g) be a Riemannian manifold, let V, W be two functions 
on M, let h be a symmetric covariant two-tensor on M and let be a one- 
form on M. On x M we consider the Riemannian metric g = V‘^d(pP‘ -\- g 
and the symmetric covariant two-tensor 

h = 2 VWd(f^ + 2 fid(pdx^ + hijdx^dx^ 

satisfying = 0, where ^ denotes a Lie derivative. Then, in local 

coordinates, the Laplacian of h has the following components: 

V^Vchoo = 2[DV^VfcW - V'^VkVW - V'^VVkW - V-^\dV\‘^W + V’^VV^Vhki] , 

, 

= V’^Vkhij + V-^V’^VVkhij - V-^{WiVV^Vhkj + VjVV’^Vhki) 
+4V-^ViVVjVW . 

Proof. The Christoffel symbols of the metric = V'^dip^ + g are 

(A-L) 

r[]o = ro. = rg^. = o, rf^. = rf^., t% = v-^v,v, rgo = -Dv"D. 

The covariant derivatives of h, in local coordinates, read 

Vohoo = , 

Vohij = -V-HV^VCj + VjV^i) , 

Vfchjo = — V~^VkV(,i 

Vohio = VV^Vhki - 2V^VW , 

Vkhoo = TVVkW - 2VkVW , 

^khij — Vfc hij . 

The result is obtained by substition. □ 

We recall that the Lichnerowicz Laplacian is 
(A. 2) ^rhab = —y'^'^chab + Rach'^b + Rbch^a “ ‘2^Racbdh^^ . 

The curvature tensor of the warped product metric g = V'^dip^ + g has 
the following components [16, Prop. 42, Chap. 7] (note, however, that our 
curvature tensor is the negative of the one in [16]); 

R\jk = R\jk , -R^OjO = — WjV^V , R^ijk = 0 , 

Rik = Rik — V Rok = 0, i?00 = —PV*ViP. 
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The zero order terms in (A.2) are thus 

^RoJfo = 2V*VytT, 

2i?oco4"'^ = -2VV^V^Vhij , 

R^ch%+^Roch^i = R\Ci-V-^V^V^VCi + V-^V*VV(^ , 

2 Ri^odh^^ = 2V-^ViVjVC^ , 

R,,h^j + Rjeffi = Rikh^j + Rjkh\ - V-^V^VkVh^j - V-^WjVkVh\ , 

2 R,,jdh'^^ = 2Rikjih’^^-AV-^V^V,VW . 

Lemma A.l implies now: 

Lemma A.2. Under the hypotheses of Lemma A.l, the Lichnerowicz Lapla- 
cian of h is 

ALhoo = 2\-VV^VkW-V^VkVW+ V^VVkW+ V-^\dVfW 

-y^VV^Vhu + VV^V^Vhij\ , 

= -y^Vkii + y~^y^VVkii + 2,V-^ViVV^Vik 
+R\ii - W-^ViVjVe , 

Ajiij = AlH^j - V-^V^VVkhij + V-\ViVV^Vhkj + V^VV^Vhki) 
-AV-^ViVVjVW - V-^{ViV'^Vhkj + VjV^Vhki) 
+AV-^ViWjVW . 

□ 

A.2. The Laplacian on one-forms for a warped prodnct metric. 

Lemma A.3. Let {M,g) be a Riemannian manifold, let V, f be two functions 
on M and let Ll be a one-form on M. Let us consider, on x M, the 
Riemannian metric g = V'^dyf^ + g and the one-form 

n = fdip + Llidx^ . 

Then in local coordinates, the Laplacian of LI equals 

V^Ve^o = V^Vfc/ - V-^fV^VkV - V-^V^VVkf, 

= V'^VfcLli + V-^V^VVkLli - y-'^ViVV^VLlk =: B{Q)i . 
Proof. We have 

Vo^o = , Vo^i =-y-iV,y/ 

ViLlo = d,f - V-^ViVf , VjLl^ = VjQi , 
and the result easily follows. □ 
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